The main objective of this work is to study in some detail the Randall-Sundrum gravity under the gravitational decoupling through the minimal geometric deformation approach (MGD-decoupling). We show a family of new black hole solutions as well as new exact interior solutions for selfgravitating stellar systems and we discuss the corresponding matching conditions.
I. INTRODUCTION
A problem that has caught the attention of physicists in the last decades is to find new theories to describe the gravitational interaction beyond General Relativity. This search is based on the fact that the Einstein's theory of General Relativity, despite his great success, can not explain in a satisfactory way different fundamental aspects of the gravitational interaction like the existence of dark matter and dark energy and the hierarchy problem. Moreover, this theory breaks down at very high energies, which makes it incompatible with the Standard Model of particles.
Among all the known candidates to describe the gravitational interaction beyond General Relativity, there are for example those theories that include extra dimensions, which take it inspiration in the Superstring or in the Mtheory. These theories are particularly interesting because they can explain some of the fundamental problems of the physics. In fact, one of these theories, proposed by Randall and Sundrum [1, 2] , is the Braneworld, from which it is possible to explain the scale hierarchy problem.
In the most simple Braneworld scenario, our observable universe is modeled as a four dimensional hypersurface, known as the 3-brane, embedded in a five dimensional space, usually called the bulk. The novel idea of the Braneworld is that all the gauge interactions, described by the Standard Model, are confined to live in the 3-brane while the gravitational interaction can spread in to the five dimensions of the space. For this reason it is possible to explain the fact that the gravitational scale is very low, compared to the Planck scale, a consequence of the fact that only a part of gravitational interaction is in our four dimensional observable universe, while the another part is spread in a fifth dimension that can be very large. For this reason the study of the modifications of the General Relativity in the Randall-Sundrum models, due to the interaction of the 3-brane with the bulk, are * pablo.leon@ua.cl † adrian.sotomayor@uantof.cl very important. Nevertheless, even when there is known a covariant formulation of the Randall-Sundrum Braneworld theory that made a little more easy the study of these models [3] , there are many issues that, until now, remain unsolved [4] [5] [6] [7] [8] . One of the reasons for these problems is due to lack of solutions to the complete five dimensional theory, that takes into account the brane and the bulk. However, an approach that can shed some light on this problem, consists in find solutions to the effective Einstein's field equations in four dimensions and in this way get some information about the complete geometry in five dimensions. Now, it is a known problem that the searching of analytical solutions to Einstein's equations in General Relativity is a very difficult task and is even more complicate when we are searching in particular interior stellar solutions. This is mostly due to the nonlinearities of the resulting field equations. In the context of the RandallSundrum models there are additional nonlinear contributions to effective energy momentum tensor, in four dimensions, coming from the high energy corrections [3, 9] . For this reason the task of find exact physically acceptable solutions for the effective Einstein field equations in four dimensions its seems to be almost impossible.
In the last few years, a new method was found, known as minimal geometric deformation (MGD)-decoupling method, which allows us to solve the Einstein field equations in a very systematic and simple way. The earlier version of the method was proposed [10, 11] in the context of the brane-world and then was used to obtain new black hole solutions in Refs. [12, 13] (for some initial works on MGD, see Refs. [14] [15] [16] [17] , and Refs. [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] for some recent applications). For the more recent applications of the MGD-decoupling method [29, 30] see for instance Refs. .
Indeed, this approach is very useful to solve the Einstein's equations for energy-momentum tensors of the formT We would like to emphasize that while it is true that the braneworld has a well-deserved theoretical importance, it is fair to mention that there is no experimental evidence on it. However, given that it manages to explain the problem of the hierarchy of fundamental forces in a simple and highly non-trivial way, its theoretical importance continues today. Especially since it could serve as a guide to construct a new theory that cannot only explain the problem of the hierarchy of fundamental interactions, but can also be tested experimentally. If this will be possible the MGD-decoupling would be an ideal approach to study the equations of movement associated with the corrections suffered by General Relativity.
This work is organized as follows: in section 2 we make a brief review of how to decouple Einstein's field equations, using the MGD decoupling method, in the case we have a combination of two gravitational sources. Then, in section 3, we write the four dimensional effective Einstein's equations in the five-dimensional Braneworld world. The MGD decoupling in the Braneworld domain is explained in section 4 while in section 5 we present some black holes solutions. Finally, in section 6 we show how find internal solutions taken as a seed the Tolman IV solution of General Relativity.
II. MINIMAL GEOMETRIC DEFORMATION DECOUPLING METHOD
In this section we present a brief review of the most important results to solve Einstein's equations using the minimal geometric deformation decoupling method for spherically symmetric and static systems.
Let us start by writing the Einstein field equations
where we will assume that the energy momentum tensorT µν has contributions of two different gravitational sources, that isT
The line element for our case has the following form in Schwarzschild-like coordinates
from which we can see in a straightforward way, using (3) , that Einstein's field equations (2) take can be rewritten by
where the prime indicates derivatives respect to variable r andρ,p r andp t are defined as the effective energy density, the effective radial pressure and the effective tangential pressure, respectively. The conservation equation for this system, which can be obtained as a linear combination of the equations (5)- (7), is given by
which in terms of the gravitational sources T µν and θ µν , takes the following form
At this point it is easy to see, from equations (5)- (7), that the combination of the two sources in the energy-momentum tensor will describe a fluid with local anisotropy on the pressures. Now in order to solve the system of equations (5)- (7), we will apply the MGD decoupling method. The first step in this approach is to neglect the contributions of the source θ µν and consider a solution of Einstein's equations for the source T µν , whose line element can by written as
were
is the standard definition of the mass function in General Relativity.
The next step is to include all the contributions θ µν on T µν . This will be done by considering that the effects, induced by the gravitational source θ µν , are encoded in a deformation of the temporal and radial components of the metric given by
were g(r) and f (r) are two unknown functions. The minimal geometric deformation is associated with the case were g = 0. In this particular case we will only be considering deformations in the radial component of the metric, this is
Now, using (14) , it is easy to show that Einstein's field equations will be separated into two different systems of equations. The first of them are the Einstein field equations for the source T µν , given by
We notice that the system of equations (20)- (22), due to a missing term of 1/r 2 in the first two equations, is not a Einstein system of equations for θ µν . However, it is always possible to redefine the components of θ µν in order to include the factor of 1/r 2 in the system (20)- (22) and obtain a Einstein system of equations for this source. Also we can notice, from equations (9), (21) and (22) , that the interaction between the sources T µν and θ µν is purely gravitational. Then we can conclude that we have decoupled the Einstein field equations.
The fact of having decoupled the Einstein field equations, for the combination of two sources, represents a huge simplification to the problem of finding solutions to the system of equations (5)- (7). This is because instead of solving the equations for the complete system, we can solve first the Einstein's equations for the source T µν , (16)- (19) , and determine {T µν , ξ, µ}. Then, we can solve the system of equations (20)- (22) for the source θ µν to find {θ µν , f * } Finally, the solution for the complete system can be obtained by a simple combination of these two results.
The simple and systematic approach of the MGD decoupling method to solve the Einstein field equations represent a powerful tool in the analysis of more complicates and realistic distributions of matter in the context of General Relativity. Indeed, we can find solutions to the Einstein field equations, for very complicates distributions of matter, in two different ways:
• We can choose known simple solutions of Einstein's equations for the energy-momentum tensor T µν . Then, we can construct more complicate solutions by adding more complex gravitational sources to the energy momentum tensor and then solving the system (20)- (22).
• We can start with a very complicated expression for the energy momentumT µν . Then in order to find a solution for this case, we can separate the energymomentum tensor in its more simpler components, that isT
Now, we can solve the Einstein's equations for each T i µν . Then, by simple combinations of these solutions, we can found the solutions of the Einstein field equations for the most general energymomentum tensorT µν .
III. FIELD EQUATIONS IN THE BW
The main feature of the braneworld models is to consider that our (3 + 1) observable universe is confined on a 3-brane in a five dimensional space time, usually called the bulk, with Z 2 symmetry. This five dimensional theory induces modifications to the Einstein field equations on the brane, which can by written as
were k 2 = 8πG N , Λ is the cosmological constant on the brane and T T µν is a effective energy-momentum tensor given by
which, through the inclusion of the last three terms, take into account all the effects of the bulk onto the 3-brane.
Here σ is the brane tension. The term S µν , called the high-energy corrections, in the effective energy-momentum tensor arise from the extrinsic curvature terms in the projected Einstein tensor onto the brane. This is given by
where T is the trace of T µν . The third term, E µν , is known by the name of Kaluza-Klein corrections and represents the projection of the Weyl tensor of the bulk. For the case of spherically symmetric and static distributions of matter, which is the only case that we will consider in this paper, this term can by written as
with
where U, P µν , h µν , u µ and r µ are the bulk Weyl scalar, the anisotropic stress, the projection operator operator,the four velocity of fluid element and a radial unitary vector, respectively. The last correction to the effective energy-momentum tensor, F µν , depends on all the stresses in the bulk apart from the cosmological constant. Thus, in general there will be and interchange of energy momentum tensor between the bulk and the brane. From now on, we will restrict our self to the case where only the cosmological constant is present in the bulk, which implies F µν = 0. In this particular case, we recover the standard conservation equation of GR
Now in order to study the effects of the BW on perfect fluids the energy-momentum tensor T µν must have the following form
where ρ,p represents the energy density and the pressure of the perfect fluid, respectively, and u µ = exp −ν/2δ µ 0 . In this case the equilibrium equation leads to
Finally, with all these ingredients, we are ready to write the effective Einstein's equation, with Λ = 0, in the four dimensional 3-brane. Then, using (10) and (26)- (32), the equation (25) leads to
Finally, from this equations, it is evident that the inclusion of the high energy corrections to the Einstein's equations represent a huge complication respect to General Relativity case. Furthermore, it is easy to see that the equations (34)-(36) represent an indefinite system because extra information is required, related with the geometry of the bulk, in order to solve the system. In the next sections we will show how to solve this problems using the MGD-decoupling method.
IV. GRAVITATIONAL DECOUPLING IN THE BW
Let us implement the gravitational decoupling to the braneworld system represented by the expressions (34)- (36) . If we compare the effective energy-momentum tensor in the equation (26) with (3) we can identify the generic energy-momentum tensor θ µν with that corresponding to the braneworld, namely,
where we has been used F µν = 0. Hence, comparing the system (34)- (36) with (5)- (7) we find that the energymomentum tensor T µν corresponds to a perfect fluid and that θ µν is given by
Therefore, the system (20)- (22) becomes
where we have identified α = σ −1 . On the other hand, the conservation equation (9) reads
which can be simplified by using the conservation equation for the perfect fluid (33), yielding
Let us recall that the conservation equation (45) is a linear combination of the equations of motion for the braneworld gravitational sector, namely, the expressions in Eqs. (41)- (43) . We see that after the decoupling, we end with three independent equations, namely, the system (41)- (43), to find three unknown functions {U, P, f * }. This means that every perfect fluid configuration {p, ρ, µ, ξ} will have a specific braneworld solution under the MGD-decoupling. In this respect, a natural question regarding the BW vacuum {p = ρ = 0, U, P} arises: which is the exterior Schwarzschild deformed solution obtained under the MGD-decoupling? To answer it, we impose the vacuum condition {p = ρ = 0} on the system (41)- (43) . Hence we found a first order differential equation for the deformation f * , namely,
which solution is given by
where D is an integration constant and
Using the Schwarzschild solution in Eq. (47) we obtain
then we can write the minimally deformed radial metric component as
and the functions
This result represent the only possible deformation of the Schwarzschild exterior vacuum under the MGDdecoupling method in the BW. Nevertheless, this does not represent a new black hole solution for the BW. Indeed, this solution was first found in Ref. [8] and later on in Ref. [19] . Now, we known that there exist others black hole solutions in the BW context different from the obtained here [4, 63, 64] . Then the fact that (50) is the only possible deformation to the Schwarzschild vacuum shows the limitations of the MGD-decoupling method to obtain new black holes solutions in the BW . Therefore to find new black hole solutions in the BW we need to implement an extension of the MGD-decoupling, like in Ref. [30] , which will not be studied in this paper. Instead, we will see that still it is possible to generate new black hole solutions in the BW by the MGD-decoupling when the vacuum is filled not only with the BW fields {U, P} but also with a generic source θ µν , as implemented in Ref. [33] . We will show this next.
A. Black holes by MGD-decoupling in the BW
Let us start by identifying the energy-momentum tensor T µν in equation (3) as the one representing the BW sector, hence
Therefore after decoupling the system (5)- (7) we end with i) Einstein equations for a pure BW sector in equations (16)- (18) to determine {T µν , ξ, µ}, and ii) field equations for the source θ µν in equations (20)- (22) to determine {θ µν , f * }. Among all known BH solutions in the BW, here we will be interested in to deform the simplest one, namely, the well known tidally charged solution whose deformed version, under MGD-decoupling, reads
(54) Since the system (20)- (22) has four unknown functions to determine {θ µν , f * }, we need to prescribe one additional equation. Next we will demand some physically motivated restriction on the energy-momentum tensor θ µν .
Let us start by considering the case of isotropic pressure, so that
Eqs. (20) and (22) yields a differential equation for the MGD function, namely
Following the MGD approach, we plug the the temporal metric component ξ of the metric shown in (54) in the expression (56) , whose general solution is given by
where iso is a constant with dimensions of a length. Hence, the MGD radial component for an isotropic deformation of the tidally charged exterior becomes
which is clearly not asymptotically flat for r M . We therefore conclude that the additional source θ µν cannot contain an isotropic pressure if we wish to preserve asymptotic flatness. Now let us consider that the source θ µν is associated with a conformal gravitational sector. Since the energymomentum tensor for a conformally symmetric source must be traceless, we have 2 θ 
so that the system (20)- (22) becomes
where f * is again MGD function and ξ the non-deformed tidally charged function shown in (54) . From Eq. (59), we find the radial deformation must satisfy the differential equation
and it is important to highlight that the conservation equation (23) remains a linear combination of the system (59)- (61) . The general solution for Eq. (62) is given by
with c a constant with units of a length. Thus the conformally deformed tidally charged becomes 
which according to Eq. (22) yields
whose solution is given by
with C a constant. Hence the deformed tidally charged solution becomes
which is not asymptotically flat for r M . We therefore conclude that the source θ µν must contain a non-null tangential pressure if we wish to preserve asymptotic flatness.
B. Interior solutions by MGD-decoupling in the BW
Now let us find interior solutions for a self-gravitating system. The deformed interior metric under MGD-decoupling reads
(69) Let us remind that after the decoupling, we end with three independent equations, namely, the system (41)- (43) , to find three unknown functions {U, P, f * }. By combining Eqs. (41)- (43) we find the first order differential equation for the function f * , given by
whose formal solution is
(72) where we see that in the vacuum ρ = p = 0 the expression (71) yields the one in (46) . Now it is easy to show, from Eqs. (41) − (43), that the functions U and P have the following form for any solution of RG
Using this expressions we can compute all the components of the source θ µν from Eqs. (38)- (40) and later, from the combinations
it is possible to find the expressions for the effective energy density and the effective pressures . Then, what we show here is that given a known solution of Einstein's equations in General Relativity it is always possible to extend it to the Brane World scenario using the MGD-decoupling method. It is important to recall that we are assuming that the source T µν in (3) corresponds to a perfect fluid. The case where the T µν represents a fluid with local anisotropy in pressure can be obtained directly following the same steps that we presented here.
In order to avoid singularities at the surface of our distribution we must impose the well known matching conditions.The exterior geometry in the Brane-Wolrd context is characterized by a Weyl fluid with
whose metric can be written in a generically way as
From (76) is easy to see that the effective pressures and the effective density in the outer region will be, in general, different from zero due to the contributions coming from the interaction of our universe with the bulk. On the other hand, from the Eqs. (41)- (43) it is evident that the system of equations for the exterior region has more unknown functions than equations. So, in order to close the system, it is necessary to impose further conditions under U + and P + . Then, unlike the General Relativistic case, in the BW we can have many possible static and spherically symmetric vacuum solutions, in which the Schwarzschild's vacuum is only a particular case (U + = P + = 0). It can be shown that, in the most general case, the first and second fundamental form lead to
In the General Relativistic scenario, the second fundamental form (80) lead to the condition
however in the BW scenario, even when the physical pressure equal to zero at the surface of the distribution, the effective radial pressure will be different from zero at r = R. Now, in this paper we will consider the case when the condition (81) is satisfied and also the case when only (80) is fulfilled but not (81). In order to show how the MGD-decoupling method works let us begin with the Tolman IV perfect fluid solution given by
where A, B and C are constants that must be determined by the matching conditions. This perfect fluid configuration {p, ρ, µ, ξ} is a solution of the system (16)- (18), and will have a specific braneworld solution under the MGDdecoupling. Then, plugging the expressions in Eqs. (82)- (85) in Eq. (71), we found that
from which follows that f * will be finite at the center of the distribution only if D = 0 and A 2 = 1/6. This last condition can be seen easily if we expand f * (r) in a power series around r = 0, which yields
where it is clear that A 2 = 1/6 in order to get an expression for the deformation function finite at the origin. Then f * (r) can be written as 
Now, using (88) we can found that the functions U and P can by written as . (90) where
1. The case with p(R) = 0
Assuming that Eq. (81) is satisfied, then using (81) it can be shown that
Then we can compute the value of the radial pressure at r = R, which yields
where
So, in general the radial pressure will be different from zero in the surface of the distribution. Therefore we will not be able to match our internal solution to the Schwarzschild vacuum (U + = P + = 0) but it is possible to use the exterior solution found at the beginning of this section, which is a deformation of the Schwarzschild metric. In this case the matching conditions (78)- (80), yield
From equations (99) and (100) we can find that M is given by
Thus, for a given value of R and σ we can obtain the value of M . Then it is possible to compute D and B from equations (99) and 98, which leads to
In order to give an example of the qualitative behavior of the distribution we choose R = 0.1 and σ = 5. The results are shown in the figures (1)-(5).
2. The case with p(R) = 0.
Now, if we drop the condition (81) it is possible to match our solution we the exterior Schwarzschild vacuum. In this case the matching condition yields 
Then, using Eqs. (106) we can obtain
Thus, for a given value of R, it is possible to find a value for F and then with Eqs. (104)- (105) we can find an expression for M and B
Now in order to give an example of the qualitative behavior in this case we choose the values R = 0.1 and σ = 5.
The results are presented in the figures .
V. CONCLUSIONS
In this paper we presented the general formalism to obtain analytical solutions of the effective Einstein equations in the brane world model, using the MGDdecoupling method. In particular, we used this approach to study new black holes solutions in two different ways. The first one was by deforming the exterior Schwarzschild vacuum, in this case we obtained a solution that was reported in Ref. [8] . Nevertheless, being the only solution we can find deforming the Schwarzschild vacuum, this shows the limitations of the MGD decoupling method in this case. Then, in order to obtain more black holes solutions starting with the Schwarzschild solution it is necessary to use the extended case of the MGD decoupling method. The second approach that we used to study the BH solutions, was based starting with the known tidial charge black hole solution of the brane world. Then, using the MGD-decoupling with different conditions over the source θ µν we have been able to find three new black holes solutions. However, by requiring that the new solutions be asymptotically flat, then we concluded that the source θ µν can not have isotropic pressures (θ We also presented how to obtain internal analytical solutions of the effective Einstein's field equations. In that sense we showed that every internal solution of the field equations in General Relativity can be extended to the brane world by using the MGD-decoupling. In order to give an example on how the method work, we used the well known Tolman IV internal solution, and using the steps presented in this work it was possible to find a new internal solution in the brane world scenario. Furthermore, we discussed the matching conditions for the obtained solution, for which we found two different possibilities. The first one was assuming that the physical pressure is zero at the surface of the distribution (p(R) = 0). In this case we showed that our internal solution could not be coupled with the Schwarzschild's vacuum and instead of that we uses the external solution that was found at the beginning of the section 4. The second case was based on requiring that the effective radial pressure be zero at the surface and then we was able to found how to match our solution with the Schwarzschild's vacuum. Now in order to obtain more physically acceptable solutions in the brane world we can choose another solution of the Einstein's equation in General Relativity and follow the procedure that we presented here or we can also take the same initial solution of General Relativity and then use the extend version of the MGD-decoupling method.
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